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Abstract

We review approaches to formulating and solving optimal tax problems in
heterogeneous-agent economies. We first show that whether worker heterogeneity is
represented through a small or a large number of different productivity types controls
the tightness of incentive constraints facing the Mirrlessian planner and therefore
has an important impact on policy prescriptions. A popular computational approach
that iterates on the Diamond-Saez implicit optimal tax formula does not deliver
the constrained efficient allocation when a coarse productivity grid is used. For the
purpose of providing quantitative policy recommendations, one safe approach is to
solve for the Mirrleesian optimum assuming a very fine grid of productivity types.
Alternatively, one can formulate the problem assuming that the distribution of types
is continuous, and search for a numerical solution to the system of ordinary differential
equations that then define the optimal policy. If these options are infeasible, then
optimizing within a flexible parametric class for taxes is preferable to a coarse grid
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1 Introduction

What is the optimal income tax and transfer system? A large literature in the tradition
of Mirrlees (1971) has tackled this question. In the classic Mirrleesian setup, individuals
differ by labor productivity, leading to income and consumption inequality and a motive for
redistributive taxation. Labor productivity is assumed to be private information, so taxes can
be conditioned only on labor earnings. Most of the papers on Mirrleesian optimal taxation
have a theoretical focus and devote relatively little space to discussing how to produce an
accurate numerical solution to the Mirrlees problem.! However, such a solution is essential
if the goal is to deliver practical policy recommendations.

We show that one aspect of computation that is very important for accurately
characterizing optimal policy is the representation for individual productivity. In reality,
individual productivity can take a continuum of possible values. However, to compute
optimal policy researchers have typically assumed that individual productivity must lie
on a discrete grid of possible values. We show that in the class of models with incentive
constraints, discretization is a key part of the model environment that controls the strength
of information frictions. Policy prescriptions based on analyses with a coarse grid are of
little practical value, at best. At worst, depending on the details of how those prescriptions
are derived, they are wrong.

We first review the “Mirrlees approach” (sometimes called the “mechanism design
approach”) to solving for optimal taxes, which follows Mirrlees (1971). Mirrlees’ insight
was that a fruitful way to tackle the tax design problem is to conceptualize the planner as
choosing type-specific allocations directly, subject to a resource constraint and incentive
constraints that ensure that each productivity type weakly prefers the allocation intended
for its type. Given the solution to this problem, in a second step one can search for a tax
schedule that will decentralize the constrained efficient allocation as part of a competitive
equilibrium. Note that the details of how productivity is discretized are crucial in this
problem, because the number of grid points determines the number of incentive constraints
the planner faces and thus how much bite the private information friction has.

We show that the Mirrlees approach works in that it delivers the correct constrained
efficient allocation. However, for a conventional model calibration, the solution to the
Mirrlees problem varies quite dramatically with the coarseness of the grid on productivity.
The Mirrleesian planner achieves notably higher welfare when the grid is coarse. There is

a straightforward economic intuition for these results. In particular, as is well-known, at

!Seminal papers include Mirrlees (1971), Diamond (1998), and Saez (2001). More recent work in dynamic
environments builds on Farhi and Werning (2013) and Golosov et al. (2016).



the Mirrleesian optimum only local incentive constraints are typically binding. Suppose one
solves for the constrained efficient allocation given a fine grid, then removes every other grid
point. All the previously binding local incentive constraints have been eliminated! Thus, the
previous allocation, while still feasible, is no longer optimal; the planner can reduce relative
consumption of more productive types, or increase their relative earnings.

We find that when the productivity grid is made coarser, the marginal tax rates that
decentralize the Mirrleesian optimum are generally lower. We also show that this numerical
finding has a theoretical counterpart. In particular, we derive a discrete-grid version of
the well-known Diamond-Saez formula, in which the coarseness of the grid appears as a new
factor determining (implicit) optimal marginal rates, with greater coarseness translating into
lower marginal rates.

However, we also find that a coarser grid implies average tax rates that rise more swiftly
with income. How can average rates rise more rapidly with income, if marginal rates are
lower? To reconcile these findings, it is important to remember that the Mirrlees approach
only directly pins down marginal tax rates at each of the discrete set of income values that
the different productivity types earn in equilibrium. Fully characterizing the optimal tax
schedule requires “filling in” marginal rates in between these income values. This filling in
must be done in a way that preserves incentive compatibility and budget feasibility.

When we conduct this filling-in exercise with a coarse grid, we find that while marginal
tax rates are low at the income values that are chosen at the optimum, they are very high
in between those earnings levels. Thus, the tax planner minimizes distortions by keeping
marginal rates low at earnings levels that are actually chosen in equilibrium, while raising
revenue via high marginal rates in between those earnings levels. However, note that the
highly non-linear optimal tax and transfer function that emerges is purely an artifact of
assuming an unrealistically coarse support for productivity; with a very fine grid, the optimal
tax schedule is smooth.

Next, we turn to the alternative “tax formula approach” to optimal taxation, which solves
simultaneously for the constrained efficient allocation and the corresponding tax schedule by
iterating on the Diamond-Saez implicit formula for optimal marginal tax rates.? When
the formula is used for computation, the productivity distribution is again discretized. A
common approach (e.g., Mankiw et al. 2009) is to assume that the tax schedule is piecewise
linear, with each discrete productivity type facing a type-specific marginal tax rate. Solving

for the optimum involves computing equilibrium allocations given a candidate tax schedule,

2This formula can be derived from the Mirrlees problem first order conditions. An alternative derivation
starts by noting that at an optimum, the marginal social welfare gains from perturbing marginal tax rates
at any earnings level must be zero, and it uses an expression for those marginal gains to derive the same
condition. Thus, this is sometimes called the “perturbation approach” to optimal taxation.



then plugging them into the Diamond-Saez formula to update the vector of guesses for
optimal marginal tax rates.

We find that when the productivity grid is very fine, the method works: we uncover the
same allocation and the same smooth optimal tax schedule that we find under the Mirrlees
approach. However, the method does not work when the grid is coarse, in that allocations
and tax rates converge neither to the coarse grid optimum nor to the fine grid optimum. The
allocation the method delivers typically has the property that downward incentive constraints
are slack, indicating that the allocation is not constrained efficient. The approach is doomed
to fail because any tax schedule that decentralizes the true Mirrleesian solution is far from
piecewise linear when the grid on productivity is coarse. An additional problem we identify
with the tax formula approach is that the Diamond-Saez tax formula is typically derived
assuming a continuous distribution for productivity. Deriving the formula correctly, given a
discrete distribution, leads to a different expression involving the coarseness of the grid.

We conclude that to accurately characterize the optimal tax and transfer schedule in
a setting with a discrete type distribution, a very fine grid on productivity is required,
especially if the tax formula approach is being used. A useful check that we suspect most
existing papers would fail is to recompute optimal policy with a finer grid and verify that this
does not lead to noticeably different policy prescriptions. Future research should be explicit
about numerical solution methods used and especially about the number of grid points.?

While using a very fine grid is the simplest solution, it is not always practical. An
alternative approach, which we consider next, is to formulate the Mirrlees problem assuming
a continuous type space, in which case the optimal policy can be represented as the solution
to a system of ordinary differential equations. Since this “differential equations approach”
embeds a continuous set of incentive constraints, it is free from the fundamental problem
of coarse discretization. Solving the differential equations numerically does require choosing
a step size for approximation, but this step size is a detail of the numerical approximation
method, rather than a fundamental feature of the original physical environment. We show
that the differential equations approach gives a very accurate solution as long as the step size
is not too large. We also show that the differential equations to be solved can be described
in a way that builds naturally and intuitively on the Diamond-Saez optimal tax formula.

In sum, to accurately characterize optimal taxes, it is necessary to either work with a
very fine productivity grid or to use the differential equations approach. Suppose, however,

that neither of these options is feasible, as they might not be in richer environments than the

3Two widely cited papers that are laudably explicit about computational details are Brewer et al. (2010)
and Mankiw et al. (2009). Other papers that report the number of grid points used in computation include
Chang and Park (2020) and Boar and Midrigan (2021) (who use a very fine grid).



simple static model we focus on. In such contexts, we propose that a sensible way to proceed
is to solve for the tax schedule that is optimal within a simple but flexible parametric
class. That is, one should search for taxes that are optimal in the Ramsey tradition—
given a parametric functional form—rather than optimal in the non-parametric Mirrleesian
sense.* We propose a particular parametric form, according to which marginal tax rates are a
polylogarithmic function of income. We show that in our calibrated model, a cubic function
in this class delivers allocations and welfare very nearly identical to those in the Mirrleesian
optimum. And, just as importantly, the optimal policy and associated allocations are largely
insensitive to the number of grid points assumed for productivity. Thus, the Ramsey policy
that is optimal when the policy problem is solved on a coarse grid remains close to optimal

given a nearly continuous distribution, while the Mirrlees policy is not similarly robust.

2 The Mirrlees Model

This section describes the standard static Mirrlees model, in which individuals differ only
by productivity, and in which labor supply is the only margin distorted by taxation.
2.1 Environment

Productivity. There is a unit mass of individuals. They differ with respect to labor
productivity 8 € © C R, where 6 is continuously distributed with CDF F (0).

Preferences. Agents have identical preferences with the separable utility function

uleys) =tog () - —— (), ()

where ¢ is consumption, y is earnings, and o > 0. We use ¢(#) and y(#) to denote consumption

and earnings for an individual of type 6. The planner observes y, but not 6.

Technology. Aggregate output is equal to aggregate earnings and is divided between
private consumption and a non-valued publicly provided good G. The resource constraint

of the economy is thus

/ c(0)dF (0) + G = / y(0)dF (6). 2)

2.2 Mirrlees Problem

The Mirrlees problem determines constrained efficient allocations. We envision each

individual drawing # € © and making a report § € © to the planner. The Mirrlees planner

4Papers that integrate Mirrleesian and Ramsey approaches to optimal taxation include Huggett and Parra
(2010), Blundell and Shephard (2012), and Heathcote and Tsujiyama (2021).



maximizes social welfare by choosing both consumption ¢(#) and income y(#) as functions

of reported type 6. Given true type 6 and reported type 6, individual welfare is given by

U(6.6) = log (c(0)) - ! (@) | (3)

1+o0

Planner’s Problem. We focus on a utilitarian social welfare objective. The planner thus
maximizes average welfare subject to the resource constraint and to incentive constraints

that ensure truth-telling:

max /U(@,@)dF 9), (4)

{c(0),y(0)}gco
subject to / C(0)dF () + G — / y(0)dF (0), (5)
U(,0) > U(b,0) for all # and 6. (6)

2.3 Decentralization

The allocation that solves the Mirrlees problem can be decentralized as a competitive
equilibrium by an appropriate choice of a tax schedule T'(y) that defines how rapidly
consumption grows with income.

In a competitive equilibrium, individuals maximize utility (1) subject to the budget

constraint
c(0) =y(0) =T (y(9))- (7)

Equilibrium. Given an income tax schedule T, a competitive equilibrium for this economy
is a set of decision rules {c,y} such that

(i) the decision rules {c¢, y} solve the individual maximization problem;

(ii) the resource feasibility constraint (2) is satisfied; and

(iii) the government budget constraint is satisfied: [T (y(9)) dF () = G.

Taxation. Let ¢*(f) and y*(6) denote the values for consumption and income that solve
the Mirrlees problem (4) for workers with productivity 6.

The tax schedule that decentralizes this allocation must satisfy

With the caveat that the tax function that decentralizes the Mirrlees solution might not
be differentiable, we will define the marginal tax rate at the Mirrlees optimum as the rate

at which the household is indifferent about working marginally more. Given the assumed



utility function, this marginal tax rate satisfies
* @ * 9 o
o) =1- 9 (57 ®)

2.4 Diamond-Saez Formulae

A standard way to interpret optimal tax rates is through the famous Diamond-Saez formula

(hereafter, DS formula). Given our preference specification (1), this formula is given by

[ (-2 o

C
~~
B

T’ (y*(9))
1=1"(y(9))

=(1+0)x !
—Hgﬁ, 07(6)

where the labels A and B on the right hand side correspond to the decomposition in Saez
(2001).5

Discrete-State Version of the Diamond-Saez Formula. In papers that seek to solve
for the Mirrlees optimum following the tax formula approach, equation (9) is typically
evaluated on a discrete grid, where the integral in term B is replaced by a summation
over the discretized productivity space.

However, if the productivity distribution is really discrete, then the correct DS equation

takes a different form, which we now derive. In particular, suppose there is a grid of N

evenly spaced values for the log of productivity, {log (61),--- ,log (fx)}, with corresponding
probabilities {ry,- -+ ,mx}. The discrete-state version of the Mirrlees planner’s problem (4)
is
max ZmU(@Z,@Z), (10)
{Civyi}g\;1 i
subject to Z?Tici + G = Z i, (11)
U(gz, 92) Z [](917 6j> for all 7 and j (12)

Let {y, ci 1Y, denote the optimal allocation. Suppose values in the grid for productivity are

1
. . 0; o 0 N—-1
evenly spaced (in logs), and let x define the coarseness of the grid, where k = HJZ = (ﬁ) :

5See Appendix A.1 for the derivation.



Proposition 1 The discrete-state version of the DS formula is given by

% — [1 _ R*(lJra)] i Z s (1 o ]E[C ]) C_i (13>

T c* C:
b s=it1 s

Proof. See Appendix A.2. =

What is novel about formula (13) is that the coarseness of the grid s appears as a new
parameter determining optimal tax rates.

To make eq. (13) comparable to eq. (9), we approximate the discrete probability as
mi =~ f(0;)(0;11 — 0;) = f(0;)0:(k — 1) and obtain the following.

Corollary 2 The discrete-state version of the DS formula (13) can be approximated by

T 1 — (40 R E[c] ¢
— X E < 1— = 14
-1 k—1 0 f(0;) & " ( Cy ) (e (14)
N’ s=i+1 ,
A g
B

Eq. (14) resembles eq. (9), so we use analogous labels for each component on the right
hand side. As k — 1 and the productivity grid becomes arbitrarily fine, term A converges
(using ’Hopital’s rule) to 1 + o, and thus eq. (14) converges to eq. (9). Term A in eq. (9)
depends only on ¢, the labor supply elasticity parameter.® In contrast, when the distribution
is discrete, term A contains a new driver of optimal marginal tax rates: the coarseness of the
grid k. In particular, the higher is x (the coarser the grid), the lower are marginal rates, all
else equal. Recall that the larger is k, the fewer incentive constraints the Mirrlees planner
faces. Equation (13) indicates that this translates into a less distortionary tax system. We

will return to this point in the quantitative analysis in Section 4.

2.5 System of Ordinary Differential Equations

The planner’s solution is characterized by the incentive constraint (6) and by a first-order
condition. The latter can be restated as the DS formula (9). Both of these conditions must
be satisfied for all § € ©. These conditions can be formulated as a system of ordinary
differential equations (ODE), with utility U(#) as the state and labor supply h(0) = y(0)/0

as the control.

6More generally, this term is one plus the uncompensated labor supply elasticity divided by the
compensated labor supply elasticity.



The incentive constraint (6) states

U(8) = max { log () — — (@)

é 1+o0

Using the envelope condition, we have

() = %h(@)”". (15)

Next, we construct a differential equation that summarizes the planner’s optimality
condition. There are several ways one could do this in our economy. Here we derive a
differential equation directly from the DS formula (9), and use the marginal tax ratio on the
left-hand side of that formula as the variable whose dynamics we will compute. Thus, the
variables appearing in our ODE system have direct economic interpretations, in contrast to
the formulations of Mirrlees (1971) and Saez (2001).”

In particular, define the optimal marginal tax ratio Q(6) = %. From the household
first-order condition (8), we can write

Q) = =) (16)

Now taking the derivative of the DS formula (9), we obtain a differential equation for the

Q'(0) = —Q(0) (% + {}fﬁf + ngf ) - Z - (ccte) - 1) ’ .

where the consumption function and its derivative are implicitly given by

tax ratio:

1
1+o0

c(f) = exp {U 0) +

dO) = c(9)[U(0)+h(6)7h(0)].

h(0)'*e } , and

Equations (15) and (17) are a system of ODEs, which describe how individual welfare and
the marginal tax schedule change along the productivity distribution. By solving them—with
appropriate terminal conditions—we can characterize the optimal tax system and associated

labor supply.

"See Appendix B for more on the derivation.



3 Calibration

The calibration closely follows Heathcote and Tsujiyama (2021).
Preferences. We assume o = 2 so that the Frisch elasticity (1/0) is 0.5.

Current Taxes and Spending. We approximate the current tax and transfer system
using the function in Benabou (2000) and Heathcote et al. (2017) (henceforth labeled
“HSV”), according to which taxes net of transfers are given by T(y) = y — A\y'™". The
parameter 7 indexes the progressivity of the system, and Heathcote et al. (2017) estimate
7 = 0.181. The parameter A is set so that government purchases G are 18.8 percent of model

GDP. When solving for the Mirrleesian tax policies, we hold G fixed at its baseline value.

Wage Distribution. Log wages are drawn from an exponentially modified Gaussian
distribution (EMG): log (§) ~ EMG(ug, 05, Ng). We use the estimates from Heathcote and
Tsujiyama (2021) for the distributional parameters Ay and o7, focusing on their estimates
for the privately uninsurable component of wages.® Thus, g = 2.2, 07 = 0.142, and the

total variance of log wages is 0.348.°

Discretization. We construct a grid of N evenly spaced values for the log wage,
{log (61),--- ,log (0n)}, with corresponding probabilities {7y, - ,7n}. We set 0; so that
61/ > ,mb; = 0.05 and set Oy so that 05/ >, m6; = 74, which corresponds to household

labor income at the 99.99th percentile of the labor income distribution in the Survey of
ﬂ)ﬁ

0.05

We read densities directly from the continuous EMG distribution and rescale them to obtain

Consumer Finances ($6.17 million). The coarseness of the grid is given by xk = (

corresponding probabilities 7; such that Y, m; = 1.1

4 Quantitative Analysis

This section describes how the number of grid points N affects the optimal tax and transfer

system. We then discuss how to address the problem associated with coarse discretization.

8Heathcote and Tsujiyama (2021) show that the assumptions on the productivity distribution deliver
extremely close fits to the top of the earnings distribution in the SCF and to the bottom of the latent offered
wage distribution estimated in Low and Pistaferri (2015).

9 Appendix C.1 describes how we scale model units.

10We adjust the value for 05 in the continuous distribution from which we draw densities to ensure that
the variance of the discretely distributed variable log(6;) remains exactly equal to 0.348 for every different
value for N we consider.



100

90

80

70

60

50

40

30

20

10

; ; ; 80 T

e N=10 . °
- N =100

N = 1,000 ooy

. N = 10,000
||-density (right) 407
L 20r
L ol
[ 20}
F -40
| 60+

I I I hee” | I I R L L I I 0 I I I I I I I I I I I I I
12525 5 10 20 40 80 160 320 640 128025605120 12525 5 10 20 40 80 160 320 640 128025605120

Income ($1000, log scale) Income ($1000, log scale)
(A) Marginal Tax Rate (%) (B) Average Tax Rate (%)

Figure 1: Optimal Tax Policy. Panels A and B plot the optimal Mirrleesian marginal and average
tax schedules with the number of grid points from 10 to 10,000. Panel A also plots the density of
income distribution for 10,000 grid points. The area between the 5th and 95th percentiles is shaded

gray.

4.1 Mirrlees Approach

The Mirrlees approach conceptualizes the planner choosing type-specific allocations directly.
Given a solution {y?,ci}\, to the discrete-state Mirrlees problem (10), the corresponding

optimal average and marginal tax rates at each grid point are given by!!

T yi—q
vy yr
c y?“ g
T —= 1222 . 18
; 91(91,) (18)

Optimal Tax Policy and Grid Points. Figure 1 plots optimal marginal and average
tax rates when NN varies from 10 to 10,000 (x varies from 2.25 to 1.0007). With a very fine
grid—say, N > 1,000—these tax schedules become insensitive to further increasing N.'? We
have verified this result by solving a version with N = 100, 000; the resulting tax schedules
are indistinguishable from those with N = 10,000. We therefore think of the solution

with N = 10,000 as an accurate representation of optimal taxation in an economy whose

1 Appendix C.2 provides the details of the computation.

12This result holds only when the wage grid points are evenly spaced in the log space. If they are evenly
spaced in levels, there will be relatively few grid points in the densely populated range. In this case, even
the optimal schedule calculated with N = 1,000 is a poor approximation to the true optimal schedule.

10



distribution of productivity is continuous, as it is in reality. Note that optimal marginal rates
are generally increasing in income.® Since the wage distribution is bounded, the Mirrleesian
marginal tax rate drops to zero at the very top of the income distribution.

With fewer grid points, however, optimal tax rates are quite different, especially in the
case with only 10 grid points. Marginal tax rates are higher at the very bottom, but are much
lower over the rest of the income distribution. This observation is qualitatively consistent
with how r features in eq. (14)."* Furthermore, the level differences in plotted marginal tax
rates across different grid coarsenesses are quantitatively of similar magnitude to what one
might predict based on the corresponding grid-specific values for . For example, the average
income-weighted value for the marginal tax ratio 77 /(1 —1T}) falls from 1.029 to 0.280 (a ratio
of 3.7) as N is reduced from 10,000 to 10. The corresponding value for term A in eq. (14)
falls from 2.996 to 0.730, a ratio of 4.1. The declines are not identical, because changing the
coarseness of the grid also changes the constrained efficient consumption allocation and thus
term B. However, it is clear that a coarser productivity grid implies lower optimal marginal
rates and that this result is hard-wired into the Mirrleesian optimality conditions. We will
shortly offer some economic intuition for this result.

An apparent contradiction emerges when comparing the profiles for marginal tax
rates (panel A) with the ones for average tax rates (panel B). With only 10 grid points,
marginal rates are mostly lower than under the nearly continuous case, suggesting less
redistribution. However, average tax rates increase more rapidly than income, suggesting a
more redistributive tax schedule. How can it be that marginal tax rates rise more slowly
with income, while average tax rates rise more swiftly? To understand this, it is important
to remember that eq. (18) only pins down the optimal tax rates at each point in the grid

on productivity. We need to fill in how taxes vary in between grid points.

Filling in the Tax Schedule between Grid Points. We have already pinned down taxes
and marginal tax rates at the income values that the planner intends for each productivity
type; that is, we know T'(yf) = T and T"(y;) = T;”. We now fill in the rest of the tax
schedule in a way that ensures taxes are continuous in income and marginal tax rates are
everywhere between 0 and 100 percent.

When filling in the tax schedule 7" in between grid points, we need to ensure that
the constrained efficient allocation is a competitive equilibrium given that schedule. More
specifically, each type 0;, taking 7" as given, must weakly prefer income y; not only to any

alternative value in the vector {yz*}z]il but also to any other off-the-grid income value y € R,..

13Heathcote and Tsujiyama (2021) explore the economic forces behind this increasing pattern of optimal
marginal tax rates.

MWe verify that eq. (13) delivers the same marginal tax rates as those plotted in figure 1A at each grid
point and for each grid coarseness.

11
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Figure 2: Income-Consumption Menu and Optimal Marginal Taxes with a Coarse Grid. Panel
A plots the optimal income-consumption pairs when N = 10 (red dot) and the indifference curve
for each wage type (blue dashed line). It also plots an optimal income-consumption menu off the
grid (red solid line). Panel B plots the corresponding marginal tax schedule that decentralizes the
optimal allocation.

To illustrate the set of tax schedules that satisfy this requirement, we plot income against
consumption in figure 2A for the case N = 10. The blue dashed lines indicate the indifference
curves for each type that go through the optimal income-consumption pair for that type,
(yF,cl), which are marked by red dots. Thus, IC;(y) defines the level of consumption ¢ at
income level y such that u (c, 0%) =u (c;‘, ZT) . Notice that the indifference curve labeled
ICs(y) for type 6g, passes through not only (yg,c;) but also (yZ,cf), which is a graphical
representation of the fact that local downward incentive constraints bind at the optimum.

Any continuous tax schedule that decentralizes the constrained efficient allocation must
connect the dots. Given a schedule that connects the dots, each type 6; will choose the
corresponding efficient income level yF if and only if y — T'(y) lies weakly below IC;(y). For
a tax schedule to decentralize the efficient allocation, this condition must be satisfied for all
types; that is, y — T'(y) < IC;(y) for all i.

There are many tax schedules that satisfy this requirement. Here, we propose an optimal
tax schedule among the set of feasible continuous schedules that is the least extreme in the

sense that discontinuous jumps in the marginal rate are the smallest.!> This tax schedule

15Kocherlakota (2010) considers a schedule that features 100 percent marginal tax rates in between grid
points. In this case, the income-consumption profile would be a step function, and the average tax rate
would drop discontinuously at each grid point.

12



has the property that the implied consumption profile ¢ (y) = y — T'(y) traces the relevant
indifference curve in between grid points, which is the red line in figure 2A. In particular, in
between the income levels y; and y;, ;, the residual income function traces the indifference
curve for type 0;;1. Thus, type 0,1, is indifferent between delivering y;,; versus any income
level in the interval [y}, y;,,). The associated optimal marginal tax schedule against income
is depicted in figure 2B. It shows that the schedule is highly nonlinear and jumps to more
than 90 percent each time it crosses an income threshold y; before declining as income rises
to yf,1.'° Note that any tax schedule that decentralizes the optimum must feature high
marginal tax rates in between grid points; these high marginal rates in between grid points
are required to reconcile low marginal rates but high average tax rates at the income levels in
the vector {y;}; see figure 1B.1” As the grid is made finer, the jumps in the optimal marginal
tax schedule obtained with this procedure become smaller. Homburg (2001) decentralizes
the Mirrlees allocation using a similar tax schedule, and argues that with a fine enough grid
the marginal tax schedule becomes continuous.

In the existing literature, the optimal tax schedule is often reported by linearly
interpolating between the tax rates at each grid point (graphing software does this
automatically!). The optimal marginal schedule with N = 10 in figure 2B would appear
U-shaped if the rates at each grid point were connected linearly. However, this seemingly
innocuous visualization convention is misleading; the true optimal tax schedule in between

grid points is highly nonlinear.

Welfare. Table 1 reports how welfare varies with the coarseness of the productivity grid
under various alternative tax systems. In each case, welfare gains are relative to the baseline
economy with the HSV tax function and N = 10,000. The key takeaway is that welfare in
the equilibrium with HSV taxation (column 1) or at the first best (column 2) varies little
with N. In contrast, in the Mirrlees economy (column 3), welfare gains increase substantially
as N is reduced. For N = 10,000 these gains are 2.1 percent of consumption, compared with
20.1 percent with N = 10.

The intuition for this result is straightforward. At the Mirrleesian optimum, the local
downward incentive constraints are binding. Suppose one solves for the constrained efficient
allocation for a given grid on productivity. Now remove every other productivity value in
the grid. At the original conjectured solution, none of the incentive constraints are now
binding, because only the local ones were previously binding, and those constraints have

been deleted. Thus, the planner can either reduce relative consumption of more productive

6Note that if the jump in the marginal tax rate at the threshold y} were any smaller, then type 611
would be be better off reducing earnings from y; ; to a level just above y;.

"For N > 1,000, the optimal marginal tax schedule obtained with this procedure is virtually identical to
the schedule reported in figure 1A.
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Table 1: Welfare Gains

Welfare Gains (%,CEV)

(1) (2) (3) (4) (5)
# of grid points N HSV First Best Mirrlees Tax Formula Ramsey

10,000 — 44.72 2.07 2.05 2.01
1,000 0.00 44.73 2.28 2.06 2.01
100 —0.01 44.81 4.40 2.13 2.01

50 —0.01 44.89 6.66 2.08 2.00

10 —-0.21 46.07 20.13 —2.88 1.87

Note: Welfare gains are calculated relative to the economy with the HSV tax function and N = 10,000
grid points. For each alternative economy X, we compute the percentage amount by which all
individuals consumption must be increased in the baseline economy for an individual to be indifferent
between being dropped at random into economy X versus the baseline economy. The number of grid
points varies from N = 10,000 to N = 10. The columns show results for (1) the equilibrium allocation
with HSV taxation, (2) the no-private-information first best (decentralizable with type-specific lump-
sum taxes), (3) the constrained efficient Mirrleesian allocation computed by the Mirrlees approach,
(4) the constrained efficient Mirrleesian allocation computed by the tax formula approach, and (5)
the equilibrium allocation with flexible Ramsey taxation.

types or increase their relative earnings, leading to a welfare superior allocation that is closer
to the first best. In terms of the tax decentralization, the counterpart of incentive constraints
being relaxed as the grid becomes more sparse is that the planner can increase redistribution
while reducing distortions to labor supply by setting high marginal tax rates in between
equilibrium income levels and low marginal rates at those equilibrium income levels, the
pattern we found in figure 2B.

Our conclusion from this exploration is that Mirrleesian policy prescriptions based
on analyses with a coarse grid are of little practical value if the underlying productivity
distribution is, in reality, continuous. The resulting tax schedules will be far from the
true optimum, and the implied welfare gains from tax reform will be vastly overstated. In
practice, it might not be obvious ex ante how fine the grid needs to be to ensure robust
optimal policy recommendations. One simple check that we recommend is to verify that the

numerical solution is not materially changed when the number of grid points is increased.

4.2 Tax Formula Approach

The tax formula approach uses the DS formula to jointly solve for optimal taxes and the
corresponding allocations (e.g., Mankiw et al. 2009; Brewer et al. 2010).'® Versions of the

formula have been derived in many extensions of the original static Mirrlees economy, and

18 Appendix C.3 provides the details of the computation.
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in these richer economies, it is sometimes considered easier to exploit the formula directly
for computation rather than to adopt the Mirrleesian approach.

The formula that applies in our economy is eq. (13). Since it contains endogenous
variables, it does not immediately pin down exact optimal tax rates. Rather, one must solve
a fixed point problem to find 7. The typical computational approach in the literature has
been as follows. First, approximate T with a tax function T'. Second, given T, compute
the competitive equilibrium allocation for the discretized economy, {y;, ci}f.il . Third, given
this allocation, use the DS formula to compute a new guess for the optimal tax function, T.
Repeat until the system converges to a tax function at which the corresponding equilibrium
satisfies eq. (13).

Note that computing the equilibrium in the second step requires specifying a tax function
T for all possible values for income. A typical assumption is to assume that T is a piecewise
linear function, with as many segments as there are points on the productivity grid, and
with kinks at the optimal income values chosen by each type.'® Note, however, that when
the grid on productivity is coarse, this piecewise linear assumption is grossly at odds with
the true shape of the optimal tax schedule (e.g., figure 2B). Thus, as we will shortly show,
the method will not work well in such cases.

Figure 3A is analogous to figure 1A; it plots the optimal marginal tax rates as N varies
from 10 to 10,000, using the tax formula approach. Note that unlike the previous case, the
decentralizing tax schedule is pre-specified by the piecewise linear function T, which implies
a corresponding marginal tax schedule that is a step function. When the grid is very fine,
optimal tax rates are again insensitive to making the grid still finer. More importantly,
they are also identical to those found using the Mirrlees approach plotted in figure 1A.
Thus, with a fine grid, the tax formula approach works just fine. However, when the grid is
coarse—for example, when N = 10—the tax formula approach delivers marginal rates that
are much higher at the bottom but lower over the rest of the income distribution than the
corresponding marginal rates at the true solution. Moreover, the corresponding candidate
optimal allocations are quite different (Figure A1).

We now illustrate why the tax schedule that arises from the tax formula approach fails to
deliver the constrained efficient allocation. Note that the tax formula approach specifies the
entire tax schedule such that the government budget constraint is satisfied. To check whether
these allocations constitute a solution to the original Mirrlees problem, it is necessary only

to check whether incentive constraints are appropriately binding.

19Gince the optimal income allocation y is not known ex ante, it is convenient to think of marginal tax
rates as varying by wages, instead of income. Thus, each productivity type faces a constant type-specific
marginal tax rate, which makes the individual maximization problem very simple. See, e.g., Mankiw et al.
(2009).
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Figure 3: Optimal Tax Policy Using Tax Formula Approach. Panel A plots the optimal Mirrleesian
marginal tax schedule with the number of grid points from 10 to 10,000, using the tax formula
approach. Panel B plots the optimal income-consumption pairs when N = 10 (red dot) and
the indifference curve for each wage type (blue dashed line). The red solid line is the income-
consumption menu implied by the optimal tax schedule in panel A.

Figure 3B is analogous to figure 2A. The income-consumption menu off the grid points
is pinned down by the red solid line. The figure shows that the local downward incentive
constraints are not binding at the conjectured solution, as the indifference curve for type
0; passes well above (yf i,cf ) (see, e.g., ICy and (y3,c})). Therefore, there exists a
feasible allocation that delivers higher social welfare than the candidate allocation {y},c}12,
computed following the tax formula approach.? Indeed, the candidate allocation generates
welfare losses of —2.9 percent relative to the baseline HSV function, compared with the
welfare gains of 20.1 percent under Mirrlees approach (table 1, column 4).2!

Another problem with how the tax formula approach is typically implemented is that most

papers start from the continuous productivity version of the DS formula (eq. 9) and then

20 Another problem is that the marginal tax schedule in figure 3A does not even decentralize the candidate
allocation {y,ci}19,. In particular, look at the allocation for type fg—i.e., (y3,c5) in figure 3B and ICy.
Since the income-consumption menu goes above 1Cqy between (yg, ¢iy) and (y3y, ¢f), type o has an incentive
to increase income by working more. This problem arises because at the step of computing equilibrium,
the algorithm conceptualizes each type as facing a type-specific but income-independent marginal tax rate.
The agent with 69 therefore does not recognize that a non-marginal increase in earnings might be welfare
improving, because it would push him into the top marginal tax bracket, where the marginal rate is zero.

21The candidate allocation generates large welfare losses partly because the piecewise linear function
imposes zero marginal tax rates in a wide range at the top of the productivity distribution (see figure 3A). In
Appendix D.1, we also consider a case in which T is a piecewise quadratic function, so that 7" is a piecewise
linear function. However, this specification still generates welfare losses of —1.1 percent.
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take a discrete approximation to this formula for the purposes of numerical characterization.
However, this approach does not deliver the correct optimal tax formula for a discrete
productivity environment, which is the one derived from the FOCs to the discrete version of
the Mirrlees problem (eq. 13).%

In sum, the tax formula approach delivers an accurate solution when the productivity grid
is very fine, but it does not work well when the grid is coarse. The allocation to which the
tax formula approach converges does not solve the original constrained planner’s problem,
and the gap in welfare terms is potentially large. This calls into question policy prescriptions
based on computations using a tax formula approach and a coarse grid.

How, in practice, can one tell whether a given grid is sufficiently fine? The simple check
we propose is to verify that the numerical solution is not materially changed when the number
of grid points is increased. We apply this check to the economy in Mankiw et al. (2009).
Figure 4 shows marginal tax rates when we use their computer code but make the grid 100
times finer. The resulting marginal tax rates at the bottom of the wage distribution are

10 to 20 percentage points lower than the rates they report, mirroring the finding in figure
A%

4.3 Differential Equations Approach

We have shown that the coarseness of the grid for productivity determines the extent to
which private information constrains the set of feasible allocations. With a coarse grid,
the planner faces only a small number of incentive constraints, and can achieve substantial
redistribution without large efficiency costs, translating into high average but low marginal
tax rates. However, if the true productivity distribution is continuous, then in reality the
planner faces more constraints, and numerical allocations obtained assuming a coarse grid
will not be feasible. In particular, the true constrained efficient allocation will be further
from the first best.

The obvious solution to this problem is to compute the optimum using a very fine grid for
productivity. In Sections 4.1 and 4.2, we showed that numerical solutions with N > 1,000
provide an accurate representation of optimal taxation in an economy with a continuous

distribution of productivity, and that this result does not depend on which computational

22Tn particular, term A in eq. (13) involves the parameter defining grid coarseness x and thus cannot
be interpreted purely in terms of labor supply elasticities. In Appendix D.1 we describe the marginal tax
schedules that the tax formula approach delivers when we use the discrete approximation of eq. (9), as in
Mankiw et al. (2009), as opposed to the correct equation (13).

Z3For the version with a finer grid, we take the baseline specification in Mankiw et al. (2009) with 144 grid
points and add 99 points between each original grid point, so we end up with (144 — 1) x 100 + 1 = 14, 301
points. The density of each additional point is obtained by shape-preserving piecewise cubic interpolation.
Bastani (2015) also studies how optimal marginal tax rates vary with the number of grid points using the
economy in Mankiw et al. (2009).
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Figure 4: Optimal Tax Policy in Mankiw et al. (2009). The figure plots the optimal marginal tax
schedule reported in Mankiw et al. (2009) (red dot) and that with a finer grid (blue line).

approach one takes. However, it is not always feasible to work with a very fine grid, especially
in richer model environments.

Another practical solution is to solve the model without discretization using the system
of differential equations (15-17). This differential equations approach was first introduced in
Mirrlees’ original paper and also used by Saez (2001), but the method is less popular than
the other numerical methods we have discussed. We suspect that one reason for that is that
the ODEs in these earlier papers are formulated in a way that lacks an obvious connection
to the familiar Diamond-Saez equation. In contrast, our equation (17) follows directly from
the Diamond-Saez equation and treats the familiar marginal tax ratio as the key unknown
function. We hope that researchers will find this re-formulation more intuitive and accessible
than earlier variants of the differential equations approach, even though it is very similar
from a computational perspective.

Because this approach assumes a continuous true productivity distribution, the
differential equations embed a continuous set of incentive constraints. And they pin down
uniquely how marginal tax rates vary with income, in contrast to the discrete grid approach,
where there are different possible ways to “fill in” tax rates in between grid points. We
solve our system of ODEs using the 4th order Runge-Kutta method.?* Figure 5 plots the
optimal marginal and average tax rates computed this way.

Implementing the method does require one form of discretization, which is the choice
of the step size to be used when evaluating the ODEs. In Figure 5 we use values for N,

the number of steps, from 50 to 10,000. The figure shows that the differential equations

24 Appendix C.4 provides details on the computation.
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Figure 5: Optimal Tax Policy Using Differential Equations Approach. Panels A and B plot the
optimal Mirrleesian marginal and average tax schedules with the number of grid points from 50
to 10,000. Panel A also plots the density of income distribution for 10,000 grid points. The area
between the 5th and 95th percentiles is shaded gray.

approach works well even with small values for N. For example, the optimal marginal tax
schedule is indistinguishable from the true tax schedule when N = 100, which is not the case
for the previous two approaches (see Figures 1A and 3A). A deviation appears at the bottom
of the income distribution when N = 50, indicating that the corresponding step size becomes
too large to accurately approximate the differential equations. The numerical method breaks
down for smaller grid sizes such as N = 10. But overall, the differential equations approach
works better than the discrete grid methods described previously. Again, the reason is
that the equations describing the solution to the Mirrlees problem are derived assuming
a continuous productivity distribution and are derived before the numerical approximation

step.

4.4 Flexible Ramsey Taxation as a Practical Alternative

The safest approach to characterizing the optimal tax and transfer schedule is to work with
a very fine grid for productivity or to solve the system of ODEs. What if neither of these
approaches is feasible? We want a computational approach that (i) is fast and easy to
compute, (ii) delivers a policy prescription close to the true Mirrleesian optimum when the
grid is very fine, and (iii) delivers a very similar policy prescription when the productivity
distribution is (counterfactually) approximated using a coarse grid.

An approach that delivers on these desiderata is to search for a tax and transfer policy
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that is optimal within a flexible parametric class a la Ramsey. We focus on the following

functional form for taxes net of transfers:
M .
T(y) = do + Z iy (logy)' ™",
i=1

which contains M + 1 parameters, {¢q, ¢1,...,oar} . This class of tax functions allows for
lump-sum taxes or transfers (¢g) and features marginal tax rates that are a polylogarithmic

function of income:
M

T'(y) =Y 7(logy) ",

=1

where the coefficients 7 are given by 7; = ¢; +i¢;1 fori = 1,..., M —1 and 1)y = ¢;.%° Note

that if the true Mirrleesian optimal marginal tax schedule is a continuous function, then by
the Stone-Weierstrass theorem it will be possible to approximate it arbitrarily well, given a
large enough choice for M.

We now consider an example with M = 4. In this case, solving for the optimal schedule
amounts to searching for the five parameters {¢g, 71, T2, 73, 74} that maximize social welfare
subject to government budget balance.?

Figure 6 compares optimal marginal and average tax rates under Ramsey taxation to
those from the Mirrlees taxation problem. It shows that the Ramsey tax policy is a very
good approximation of that in the Mirrleesian optimum, especially over the shaded range of
productivity values where the vast majority of the population is located. More importantly,
even with a coarse grid of N = 10, the best Ramsey policy remains very close to the true
Mirrleesian policy. The welfare gains from switching to the Ramsey optimum, relative to
the HSV baseline, are 2.0 and 1.9 percent of consumption for N = 10,000 and N = 10,
respectively, compared with 2.1 percent under the true Mirrleesian optimal policy (table 1,

column 5).27

25 An alternative would be to specify taxes as a polynomial function of level income. However, income can
take very high values, and marginal tax rates would tend to explode unless the coefficients on higher order
level terms were near zero.

26 Appendix C.5 provides the details of the computation. The optimal tax parameters are given by ¢¢ =
$10,609 and 7 = (0.489,0.119,—0.018,—0.001) for the case of N = 10,000, and ¢o = $10,153 and 7 =
(0.490,0.126, —0.019, —0.001) for the case of N = 10.

27 Appendix D.2 shows that the consumption and earnings under the Ramsey tax policy are very close to
those under the Mirrlees policy.
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Figure 6: Optimal Ramsey Tax Policy. Panels A and B compare the optimal Ramsey marginal
and average tax schedules with the number of grid points of 10 and 10,000 to the optimal Mirrlees
tax schedules.

5 Conclusions

We considered the canonical static Mirrleesian economy and described how to decentralize
the optimal allocation via a tax function. We showed that in this class of models with
incentive constraints, the representation of the productivity distribution is an important
part of the model environment, because it controls the strength of information frictions.
Standard approaches to computing the optimal tax schedule do not deliver useful policy
guidance if they assume too coarse a grid for productivity values. To accurately characterize
the optimal tax and transfer schedule, one should either work with a very fine productivity
grid or alternatively solve the model as a system of ordinary differential equations that
presumes a continuous productivity distribution. If neither of these options is feasible, we

recommend searching for the optimal tax policy within a parametric polynomial class.
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A Diamond-Saez Formulae

In this section, we derive the Diamond-Saez formula (9) and show how to derive its discrete-

state version (13).

A.1 Derivation of Diamond-Saez Formula (9)

We derive the Diamond-Saez formula for our economy with a continuous productivity

distribution. Reproducing the Mirrlees planner’s problem from eqs. (4-6), we have

¢

max [ {log (c(6)) — -1 (@)””} dF (0)

{c(0).y(0)}oeo

st log(c(8)) — L (@)HU > log (c(é)) _ L (@)HU for all @ and 4,

140

[ y(0) —c(0)]dF (0) — G > 0.

\

The IC constraints state

U(6) = log (c(6)) — — (@)W:mgxlog(dé))— ! (%@)HU.

1+o0 1+o0
We have
U(0) = c(B)'¢(8) — | y(B)°y () — ——y(B)"+°
) = ¢ ¢ o 91+ay Yy _92+ay
1
= W?J(Q)HU,

where the second line uses the envelope condition:

c(6)1¢(0) ~ Sy(6)7y/(6) = 0.

Thus, we can reformulate the planner’s problem as follows:

max U(0)dF (0
{U9),y(0)} f (6)dF"(6)

s.t. U'(0) = g5y (0)'T  for all 6,
Jly(0) = c(6:U,y)]dF (0) = G > 0,

140
where ¢(0; U, y) is determined by U(#) = log (¢(0)) — 14+a (@) . Denoting by u(f) and

¢ the corresponding multipliers, we then set up a Hamiltonian with U as the state and y as



the control:

H={U(0) + Cly(0) — c(6;:U,y) = G1} f(0) + u(9)921+0y(9)”"-

By optimal control, the following equations must hold

0=C[1—c0)5=y(0)] f(0) + 1(0) 55y (0)7,
—p'(0) = [1 = Ce(0)] £(6), (A1)
1(0) = p(o0) = 0.

Integrating the second equation over 6 and using u(oco) = 0, we solve for the costate:

u6) = [ 1= o) PG (A2)
Using 1(0) = 0, we also get the expression for (:
1

* T TeEG) 49)

We now consider the decentralization via income taxes. Using the FOC (8), the first

equation in (A1) can be written as

0=¢T"(y(0)) f(0) + p(0) [1 = T" (y(6))]
where 7" is the marginal tax rate. Rearranging terms, we obtain

1— F(0) /°° [1_ [c(x)dF(x)] c(s) dF(s)
0f(0) Jo c(s) c(0) 1 - F(0)

7" (y(9)

—) == g
ey - T

A.2 Proof of Proposition 1

All local downward incentive constraints are binding at the optimum (Carroll, 2012). The
discretized version of the planner’s problem is
( §: {l ( ) 1 v 1+a}
max i T (1og(¢i) — 105 (—’)
{Ci,yz‘}f\;1 T bi

\ o ) 1+o
st. log(e;) — 14%; (g-) =log(c;_1) — 14%0 (y"él> fori=2,---,N,

Zi T;C; + G = Zz T Y-




Denoting by p; and ¢ the corresponding multipliers, FOCs with respect to ¢; and y; are

given by
¢t (M4 i — i) = (m, (A5)
Y7 Y7
gito (75 + i) — g it = —(m;. (AG)
7 i+1

Note that g1 = 0 (no incentive constraint for the least productive type) and pyi1 = 0.

First we solve for multipliers. Adding up eq. (A5) gives

Czcmi = Z (75 4 i — piv1) = 1.

This leads
1 1

~Y,am Ele]

¢

We also rewrite eq. (A5) as

i = (Cei = 1) T + Hisr.

We can iterate this equation forwards to get

pi = (Cei — 1)+ (Ceipr — 1) Tig1 + figo

= Zﬁs(Ccs—l).

Next, combining eqs. (A5-A6), we have

_ Yy y;
G ! (7Ti + i — Mi+1) = —91+g (7Tz' + Mi) + WMH,
i i+1

y7 v W
- T glte (75 + pi — pir1) — (W - W) Fit1s

7 i+1
v Y i
1 1 a
111 07 0, e - Y;
i T i+ - T pltoo
¢ (7Tz‘ + i = /%’—i—l) ‘91
o o T o
ol [1 _ ( Yi Y ) Hit1 | Yi
7 1+o 1+o ] S



The FOC of the decentralized economy is given by

1 vy
- /
G (1_77):_01:—0
i
Thus the marginal tax rate ratio for type 6; is
Y7 Y7\ Hivl
T 0Ly 67 ) (mi
T v
T el

— 1 01 () —1 Hit1
= — (2

0; ¢
_ [1 - K7(1+a)} ol Hit1

(3 Cﬂ-z *

where £ = 6;41/6;.

Substituting the expressions for p; and ¢, we have

T _ L Ele] N Cs
) _ - (1+O') 1 _
1 — Cri*/ - [1 K ] G T S;l s (E [Cz] 1)
N
3 E[c]\ e
_ (1+0) _ s
= [1 K } - S;I s (1 e > "

Q.ED.

B Construction of the System of ODEs

In this section, we provide the details of the derivation for Section 2.5.

Derivation of the System of ODEs (15) and (17). We take utility U(f) as a state
and labor supply h(0) = y(#)/6 as a control. The incentive constraint (6) states

U(#) = max < log <c(§)> S (@) -

0

Using the envelope condition, we have eq. (15):

1
_h(‘g)l—i-a.

u®) =3

Next, we take the DS formula (9) and define the optimal marginal tax ratio Q(f) =



() .

=776y
Q) = (1+0) efl@ /ooo <1 _ %) ZE—S;MS)
1 1 o 1
= (1+9) g7 Ug (s)AF(5) = £ (1= F(G))} | (A7)
Taking the derivative, we obtain eq. (17):
L) )] e (1
0 =-0 |5+ 75 + 5| 5 (e ) A

The consumption function and its derivative are implicitly given by

c(f) = exp{U(9)+—h(9)1+”}, and

1+0
d0) = c(0)[U(0)+ h(O)7h'(0)].

To use eq. (A8) in the computation, we want to eliminate the endogenous variable h/(9).

Taking the derivative of eq. (16), we have

Simple algebra yields
—Q'(0)c(0)h(0)” + 1 —0U'(0)

0 (55 + h(0)")

Substituting these expressions into eq. (A8), we have

HOE

o | 110 l+o l+o/ 1 o+ h(9)°t!
wir= [ ) (e IO T g e + 1)) +5 (ew 1)] (s aanae=
(A10)

Alternative Formulations. We derived eq. (A7) from the DS formula, but it can also
be obtained directly from the planner’s optimality condition (A1). Using eqs (A1-A2), we

have
0= {1 - c(e)%h(e)ﬂ] £6)+ 3 h(6)” /9 [1 = Co(s)] dF (s). (AL1)

Using eq. (16) and rearranging terms yields eq. (A7).

There are alternative formulations that can also be used in the computation. We have

)



verified that using them is equally stable. Here we derive expressions analogous to those in
Mirrlees (1971) and Saez (2001).

Mirrlees (1971) derives a similar expression in a somewhat ad hoc way. Define

Substituting this into eq. (A1l) and rearranging terms,

Qult) = i [ JAECCE F(@)} |
Taking the derivative, we obtain
Q,M(@):_Qwé(e) [ej:(g) H} _%(1_%)7 (A12)

which is similar to eq. (A8) and analogous to eq. (50) in Mirrlees (1971). Although there is
no clear economic interpretation for )y, the ODE is simpler than eq. (A10), as it does not

involve the consumption function. So we will use it in the computation in Section 4.3.
Likewise, Saez (2001) defines

Substituting this into eq. (A1l) and rearranging terms,

Qs0) = g7 | [ etwwars) - za-rep].
Taking the derivative, we obtain
- SO a0-t)

which is analogous to the expression on p. 228 in Saez (2001).

C Computational Method

This section explains the details of the computational methods for each numerical approach.



C.1 Units
We define hours worked in the model by y/6. We denote by Y and H average earnings and

average hours worked in the baseline model. For the purpose of comparing model to data
it is convenient to rescale model units. We target average annual earnings in the 2007 SCF
household sample, which is Y = $77, 326, and average household hours, which is H = 3,075
in 2007 in the Current Population Survey. When plotting model allocations we scale model

earnings, consumption and taxes by a factor Y /Y, and wages by (Y/Y)/(H/H).

C.2 Mirrlees Approach

With the preference class we consider, the local incentive compatibility constraints are
necessary and sufficient for the global incentive compatibility constraints (12) (Carroll, 2012).

We thus replace them with local incentive compatibility constraints:

U(QZ,QZ) U(Qi,ei_l) for allz:2, 7]\/v,
U(Qi—h 91'_1) 2 U(ei—la 91) for all 7 = 2, tee ,N.

v

These are downward incentive constraints (DIC) and upward incentive constraints (UIC),
respectively. It is well-known that the DICs are binding at optimum; otherwise the planner
can improve the welfare by transferring a small amount of consumption goods from a high-
productivity agent to a low-productivity agent.

Next, we show that income is non-decreasing in ¢ if and only if the UICs are satisfied.

Suppose the UIC for type 6; is satisfied. Since the DIC for type 6; is binding, we have

140 140 140 140
0;— 0; 0;— 0;
o) V) g () — M) o)

| i) —
1+0 +log (i) 1+o0 1+o 1+0

log (¢;i—1) — +log (ci—1) —

Rearranging terms, we have the weak monotonicity of income y; > y;_1. Conversely, suppose
Yi > Yi—1. If y; = y;_1, then the UIC for type 6; is trivially satisfied with equality. If instead
yi > 1;_1, then the UIC for type 60; is slack, because

140 140 140 140
Yi—1 Yi Yi—1 Yi
+ > -

1+o0 1+o 1+o0 1+o

1+o 1+o 1+o 1+o
Yi—1 Yi Yi—1 Yi
log (¢;) + log (ci—1) + ( ei > + (QH) > log (¢;) + log (¢;_1) + (GH> - <91)

g2 (G g(Ci—1 1—|—O’ 1+0_ g & g Ci—1 1+0_ 1+0_

1+o 140
Yi—1 Yi

log (¢i—1) — —<9H) > log(c;) — —<9H)
g(Ci—1 1—|—O’ g& 1_'_0_ .



Thus the planner’s problem can be written as

(
"

max ZZ T llog (ci) — (i)ra ]

{Ci»yi}7€\[:1

()"~ ()
st log(c) — ~o— >log(¢i) — ~544—, fori=2,.. N

Yi 2 Yi-1, fori=2,...,.N

L > Tili > Y mici + G

We use forward iteration (forward from 6; to 0y) to search for an allocation that satisfies
all the first-order conditions, the incentive constraints, and the resource constraint. Income
is non-decreasing in wages, and thus the resulting allocation is optimal given that our utility
function exhibits the single-crossing property.

Finally, we find the optimal marginal tax rate 7;” for each i, using eq. (18).

C.3 Tax Formula Approach

Given the Diamond-Saez formula (13), we solve the fixed point problem to find 7'

Following Mankiw et al. (2009), we approximate T with a piecewise linear tax function
T and search for an equilibrium allocation {y*, '}, that satisfies eq. (13) along with 7.
Since the optimal income allocation y* is not known ex ante, it is convenient to consider
T as a function of wage, instead of income. This way also allows bunching in the optimal
allocation, allowing for different marginal tax rates for the same income but different wage
levels.

The piecewise linear tax function is characterized by T(O) and tax rates Ti’ for each wage
grid point 4. Given T, we find (y*, ¢}) for any i such that the individual FOC and the budget

constraint are satisfied:
*— 7 y* 7
&0, (1—T.'> - (%)
KA 1 gl

¢ =y —Ty).

We then adjust 7'(0) so that the government budget constraint is satisfied: Zfil T (y) =
G.

Given the equilibrium allocation {y,c;}¥

L., we compute new tax rates for each grid
using the Diamond-Saez formula (13). We iterate this process until the new tax rates get
sufficiently close to the rates in the previous iteration.

In Appendix D.1, we also approximate T" with a piecewise quadratic tax function so that



T’ is a piecewise linear function.

C.4 Differential Equations Approach

The system of differential equations is given by egs. (15) and (17). We can solve this,
taking utility U as the state and labor supply h as the control. Since eq. (17) contains an
endogenous variable (h'(6)), we must use the modified expression (A10).

The boundary conditions are given by Q(0) — 0 as 0 — 0, and Q(0)8f() — 0 as 6§ — oo,
which correspond to the third condition in eq. (Al).

Here is the algorithm. We first guess the value of ¢ and the labor supply of the least
productive type h(f;). Using the definition of ) and the boundary condition above, we can
solve for U(6;) and ¢(f;). We then solve the system of ODEs using the 4th order Runge-
Kutta method. To address the potential for bunching, we check at each step whether the
income is non-decreasing. If not, we set consumption and income constant in the range until
income starts to increase. Finally, we adjust the initial guesses to satisfy the other constraint
and the resource constraint.

When we apply the Runge-Kutta method, we first denote egs. (15), (17) and (A9) as

dU

D -~

U<97 h) de?

U dh 40

DQ (97Q7U7 ha@a@) = %a
dQ dU dh

D e
" (Q’U’h’ g’ d@) o

Using this notation, for z € {Q, U} we use

de
z(0+do) =z (0)+ g(kf + 2k5 + 2k5 + kf),



where df is the step size, and

Q,U,h),
kY kp

0,
Q d k? 1 l
K = Do Q50U + —-do,h+ -df
( 0

Q U
,Q+k2 de, U+k2 do h+k2d9>

K = DQ (9+d9,@+de9,U+k§fde,h+kgde),

kY = Dy 6+—h+ 1d9>

I DU<9 2d9>
k) = Dy ( 0+d0 h+k:hd9)
dQ dU
K" = Dy (6,Uh, =%
! h( Ui d&)
ko= ( 1d9 h+k1d9 k?,kU)

do k:U k
kb= Dh< + 5 U+ 2d9 h + 2d9,k§,k§>.

To facilitate comparison with other numerical approaches, the step size df is determined by
the grid points specified in the calibration.

We can also use an alternative expression, (A12) or (A13), instead of eq. (17). In
particular, eq. (A12) is the simplest as it does not include the consumption function, so we
use it in Section 4.3. We have verified that using a different expression gives the same result

and is equally stable.

C.5 Ramsey Taxation

Consider a third-order polylogarithmic marginal tax function
T'(y) = 11 + 72 log (y) + 13 1log (y)* + 74 log (y)* .

The tax function is given by

T(y) = ¢o + 1y + ¢2y (logy) + ¢sy (logy)” + by (logy)°,

10



where

o= ¢1+ ¢,
T2 = @2+ 203,
T3 = ¢3+ 304,
T4 = Qu

With polynomial tax systems, the households’ FOCs are not sufficient in general.
However, it is possible to prove that marginal utility is decreasing in income at sufficiently
high income levels. Hence, for a given tax system, equilibrium allocations can be found by
evaluating all roots of the household first-order necessary conditions in the range [0, y] with
y sufficiently large.

Solving for the optimal schedule amounts to searching for the five parameters
(¢o, T1, T2, T3, 74) that maximize social welfare. We search for these parameters using the
Nelder-Mead simplex method. Note that ¢, is chosen to close the government budget
constraint. We check that the social welfare maximizing policy is independent of the initial

set of tax parameters used to start the search process.

D Additional Results

D.1 Additional Results of Tax Formula Approach

Figure A1 plots the optimal allocation of consumption and hours worked, i.e., y/6, as the
number of grid points varies from 10 to 10,000, using the tax formula approach.

In Section 4.2 we computed optimal tax schedules by the tax formula approach using the
discrete-state version of the DS formula (13). In the following, we present additional results

of the tax formula approach using different approximations to the DS formula.

Mankiw et al. Approximation. Following Mankiw et al. (2009), we approximate the
continuous DS formula (9), approximating only term B in eq. (9) by term B in eq. (14),
while using term A in eq. (9). As we discussed, the value for term A in eq. (14) falls
drastically as the number of grid points is reduced. Therefore, this approximation would
find an optimal marginal tax schedule that is very different from the true one.

Figure A2A plots optimal marginal tax rates. Compared to figure 3A, we find that the
marginal tax rates are much higher, indicating that how one approximates the DS formula

matters a lot quantitatively.

11



5120/ 3 M =10 ‘!' 4500
N=1 L
2001 = 1?800 L o0
1280/| © N = 10,000 ] 3500
10 3000
320 2500 -
160+ 2000 -
80 1500 -
40+ 1000 [
200 ° ] 500
101.‘25 2‘.5 é 1‘0 éO 4‘0 8b 160 SéO 6;10 12‘80 25;60 5£20 01.‘25 215 é iO 26 4‘0 86 1(;0 3‘20 64‘10 12‘80 25‘60 51‘20
Income ($1000) Income ($1000)
(A) Consumption ($1,000) (B) Hours Worked

Figure A1l: Optimal Allocation Using Tax Formula Approach. Panels A and B plot the optimal
allocation (consumption ¢ in panel A and hours worked y/6 in panel B) under the Ramsey optimal
policy with the number of grid points of 10 and 10,000, using the tax formula approach.

Piecewise Quadratic Approximation. We also consider a case in which T is a piecewise
quadratic function so that 7" is a piecewise linear function. The piecewise linear marginal
tax function is characterized by tax rates Ti’ for each wage grid point ?. We assume that for
the income values between zero and y?, the marginal tax rate is constant at 77.

Figure A2B is analogous to figure 3A, plotting the optimal marginal tax rates as the
number of grid points varies from 10 to 10,000. Again, with a fine grid, the tax formula
approach works just fine. Also, when N = 10, the tax formula approach delivers much
higher marginal rates than the true solution. The welfare gains in this case change from
2.04% when N = 10,000 to —1.14% when N = 10.

D.2 Allocation under Ramsey Policy versus Mirrlees policy

Figure A3 shows that consumption and hours worked under the Ramsey optimal policy are

very close to those under the Mirrlees optimal policy.
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Figure A3: Optimal Allocation Under Ramsey Tax Policy. Panels A and B compare the optimal
allocation (consumption ¢ in panel A and hours worked y/6 in panel B) under the Ramsey optimal
policy with the number of grid points of 10 and 10,000 to those under the Mirrlees optimal policy.
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