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1 Introduction

The mechanism design approach to dynamic taxation is also used to study optimal taxation of earnings
and capital over the life-cycle. In this setup, the stochastic process for labor productivity is assumed
persistent. Persistent shocks to labor productivity are used to capture the observed persistence of wage
rates and labor earnings as emphasized by the empirical labor literature. The planner problems in this
literature (e.g. Farhi and Werning (2013), Golosov, Troshkin and Tsyvinski (2016), Stantcheva (2018),

N’Diaye (2018)) are formulated and solved recursively.

In this note we extend the example on Golosov, Kocherlakota and Tsyvinski (2003) and the inverse
Fuler equation to derive the recursive formulation of the insurer’s maximization problem using techniques
due to Fernandes and Phelan (2000). Specifically, we use a two period example to show the use of promise-

keeping conditions and threat-keeping conditions to write the problem recursively.

2 Life-Cycle Problem

Skill Process. The model features two periods, period 0 and 1. Labor productivity in the initial
period is denoted 0y € {0r,0n}, with 67, < 0. We use 7; to denote the probability of being type
j € {H, L} in the initial period. Labor productivity evolves between the initial and final period, with

final period productivity 61 € {0r,0n}. Let m;; describe the conditional probability of realizing type j in
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the final period after being type ¢ in the initial period. The ordering of the subscripts on the allocations

is chronological: the first index refers to the initial period, the second script to the final period.

Preferences. To illustrate another useful technique for this literature, I assume preferences are separable

in consumption ¢ and hours worked ¢ = y/6 and given by:

u(e,y;0) = u(c) —v(l)
S
= U(C) - ﬂ )

where u is increasing and strictly concave, and where 7 > 0 is the Frisch elasticity of labor supply.

Insurer Problem. The profit-maximizing insurer has access to a linear savings technology with gross

return rate R and chooses (cy,ym,cr, YL, CHH, YHH, CHL, YHL, CLH, YLH, CLL, YLL) to solve:

1
max 7wy (yg — cu) + R [WH(WHH (yur —can) + 7L (YHL — CHL) )]

1

+mr (yr —cr) + R [WL(WLH (yom —crm) + 7oL (Yoo —crr) )}

subject to an ex-ante welfare constraint:

ruler, yu/0u) + Bru [mumu(cnn, yan /0n) + Taru(car, yaL/0L))
+rpulen,yn/0L) + Brr[romu(co, yoa/0n) + moou(crr, yon/0)] >V,
where V is the ex-ante welfare promise. The insurer’s maximization problem is constrained by four

incentive constraints. First, the insurer dissuades high productivity types from misreporting in the initial

period (assuming truthful reporting in the final period):

u(cy,yu/0u) + [WHHU(CHHa yur/01) + THLU(CHL, yHL/eL)}
> u(cr,yr/0u) + B [WHHU(CLHy yru/0n) + mrru(crr, yLL/HL)} :
where it is should be noted that final period utilities are evaluated at the true probabilities. Similarly,

the low productivity type is discouraged to misreport in the initial period (in practice we might not need

to worry about this constraint, but we will include it for now):

u(er,yr/0L) + B {WLHU(CLHa yru/0m) + mrrulerr, yLL/eL)}

> u(cy,yu/0r) + B [WLHU(CHHa yuu/0H) + Trru(cHr, yHL/QL)] .



Furthermore, the solution to the insurer problem is restricted to respect the incentive constraints for
high types in the final period, given their report in the initial period (we won’t worry about low types

misreporting in the second period).

wlegm,yan/0n) > w(carn, yuL/0m) ;

w(erm, yru/0m) > uwlern, yon/0m) -

Note the following about the formulation of the insurer problem:

1. We assume that the IC constraints for the high productivity types are binding in the final period.

Question: Is this without loss of generality? If yes, prove it. If not, construct a counterexample.

2. We assume that after misreporting in the initial period, the agent reports truthfully in the final
period (in the initial period IC constraints). We could consider misreporting in both periods.

Question: Is our formulation without loss? If yes, prove it. If not, construct a counterexample.



Reformulated Insurer Problem. Before writing out the optimality conditions to the insurer problem,

we examine whether the insurer problem has a unique solution. To verify this, reformulate the problem
1

14+
in utility space.! To do so, define @; = u(c;) and 7; = (g—) " where i € {H,L, HH, HL, LH, LL}, and

1

j=Lforic {L, HL,LL} and j = H otherwise. These definitions imply ¢; = v~ *(%;) and y; = Qiﬁi”% )

The insurer chooses (’E,H,’l_)H,Q_LL,’l_)L,’EHH,Q_)HH,’U,HL,’I_)HL,Q_LLH,Q_)LH,Q_LLL,Q_)LL) to solve:

T T

TH (WHH <9H1711j1}' - ul(ﬂHH)> +THL <9L?711{+L" - ul(ﬁHL)>>]
1 1

L (WLH (QHQ_);{" - ul(’aLH)> +7LL <9L?7L12” - ul(ﬁLL)>>]

T (ag — ) + Brp [mum (Upw — Vam) + 7o (GaL — VA1) |

1
1 )
max Ty (HHT);” —ul(ﬁH)> + =

1
I 1
+7yr <9LQ_)£+" —ul(’ﬁL)> + 7

subject to:

+rp (ap —op) + Brp[mom (Grw — vpm) +7op (Gpn — o)) >V,
and four incentive compatibility constraints:
ug — g + B3 [WHH (g —Yug) +7HL (UHL — TJHL)]

0, \ 15
> ur — <é> v + /B[WHH (g —orm) +7HrL (Gnr — Q_}LL)} )

the incentive constraint for the low type in the initial period:
ur — oL + 8 [WLH (apm —vpm) +mpr (Urrn — @LL)}

1
_ O\ _ _ _ _
> Ug — (E) vg + /B[WLH (6gm — VmH) + 7oL (GHL — OHL) |

and the incentive constraints for high types in the final period:

1
) ) ) 0\
UHH — UHH = UHL — 9, UHL ;
H

1
) ) ) 0\

UrH — UL 2 UL — 9, vLL -
H

The insurer problem has a strictly concave objective and a linear constraint set. The objective function
1

1
n

is strictly concave because the sum of two strictly concave functions is strictly concave: @iH is strictly

concave for n > 0 and ™! is strictly convex given that u is increasing and strictly concave. If the insurer

problem has a unique solution, it is unique.

! Also see Rustichini and Phelan (2017).



Return to our original problem: The profit-maximizing insurer chooses (¢g, Y, €L, YL, CHH, YHH, CHLs YH L, CLH Y1
to solve:

1
max 7wy (yg — cu) + R [WH(WHH (yur —can) + 7L (YHL — CHL) )]

1
+mr (yr —cr) + R [WL(WLH (you —cru) + 7oL (Yo —crr) )}

subject to (with multplier labels attached to each constraint)

¢ wpu(en,yr/0n) + Brp [mpau(cam, yun /0n) + maru(carn, yar/0L)]

+mpulen,yr/0L) + Brp[mruu(cr, you/0n) + mroulcrr, yon/0)) >V,

ppr (e, yua/0m) + 5 [WHHU(CHHa yun/0n) + THru(cHL, yHL/‘gL)}

> u(er,yr/0m) + 5 [WHHU(CLHa yrLa/0m) + Taru(crr, yLL/‘gL)] .

pr cu(ern,yr/0L) + B [WLHU(CLH, yLu/0m) + Trrulerr, yLL/QL)]

> u(ew,yu/0n) + B [WLHU(CHHa yau/0u) + mrru(car, yHL/‘gL)} .

Brapgy uw(cam, yua/0m) > wcrr, yar/0n)

Brrprg s wlcra, you/00) > wlcrn, yon/0w) -

First-order Conditions. The optimality conditions with respect to (cm,cr,ym,yr) are respectively

given by:
1=1(cn) <¢+ Ba _ ﬂ)
T o TH
1= 'U/(CL) <¢ — M_H + ﬂ)
T  TL

-

1
y \ 7 1 pg\ b (ya )71
1= (ZH) = rpHY _PL(JHNT -
(‘9H> O <¢+7TH> TH <9L> 0r,
1
yr\" 1 Hr g [y \7 1
1= (ZL)" — PLY _PEH (JL )"~
<9L> 0L <¢+7TL> L (91{) O

For consumption in the final period, (¢cym, cyr, crm, cLr), the corresponding optimality conditions



are:

1

Mg | Mg  Hp TLH
— ¢+ — + —
OBR

= u'(cHH) (
THH TH TH THH

_ HgH 4 Bu Hg  Hp 7TLL)

- — !
BR wler) <¢ THIL TH TH THL
< _ MuTHH |

il u/(CLH) ¢ + HrLH

BR TLH 7TL7TLH
1 , Brg Mg THL ML)
— =u(err) ([p———— ———+—=] .
BR ( )< TLL  TL TLL T

The optimality conditions with respect to consumption can be used to establish that cyy > ¢y and that

cri > cpr. Given that the incentive constraints for high types in the second period hold with equality,

this implies ygg > ygr as well as yrg > yrr.

The optimality conditions with respect to labor in the final period (ygm, YL, Yo, yrL) are:

1
1 1 T
. <2/H_H> <¢+ Ban | Hu ﬂﬂ)
ﬁR O ‘9H THH TH TH THH

1 1
1 <yHL> <¢+NH Br WLL)_(QHL)”LUHH
BR 0r, 0 TH THTHL O Ou THL

1
1 yLH> < PrH  BHTHH | B
— g2 ¢_|_ + —=
BR <9H O TLH ML TLH T

1 1
1 <yLL>7 <¢+ BL  HE 7THL> B (CUL_L)" 1 prw
BR 0r, TL  TL TLL Ou 0w 7L

By using the optimality conditions with respect to consumption and labor, we establish that the marginal

decision for the high types in the second period is undistorted.

3. Practice Question: Derive the inverse Euler equation/equations for this setup.

This was Job’s question. We will answer it now. Take these three FOCs for ¢y, ¢ and cpy, :

1= u/(cn) <¢+ B _ ﬂ)
TH TH

P | PH ﬂ”L_H>

THH TH TH THH

/ P | BH Mty TLL
u(C -t
(cnz) (d) THL TH TH 7THL>

B_lR =(cum) <¢> +

55 =



- (eo2t-2)

’U/(CH) TH TH
1 T T T T
_< THH _ _THL > _ WHH<¢+/W_H+N_H_&ﬂ>+WHL<¢_M_H+M_H_ﬂ£>
BR \v(can) u(cHL) THH TH THTHH THL TH THTHIL
THHMW 1% THLM 7]
= Tppd+pgg + ——2 — Lar g e — pgg + —= — Ly
TH TH TH TH
_ <¢+M_H_ﬁ>
TH @ TH
So

11 ( THH | _THL >
u(cy)  BR\W(cwm) W(chr)
This is the famous inverse FEuler equation. Suppose utility is logarithmic. Then we have

1

cH = 3R (THHCHHE + THLCHL)

Suppose we want to define the implicit savings wedge for this allocation as the tax rate that would

satisfy a standard optimal savings condition. Thus the wedge is the solution 1 — 7 to

W(cy) = PR —71)(runv (can) +7mrrv'(car))
L BR(1—7) <7THHL+7THLL>
cH cHu CHL

If this decentralization decentralizes the optimal allocation, then combining the inverse Euler and

the decentralization FOC we have

8R
E[d]

— BR(1—7)E H

C

Jensen’s inequality states that if f is convex, E[f(x)] > f(F[z]). Now % is a convex function, so

E [%] > ﬁ, which implies 7 > 0. Thus, the optimum implicitly taxes saving. Why does the
planner want to discourage saving? One possible intuition is that the planner is thinking about
how best to allocate utility over time, and the inverse Euler equation equates the planner’s costs
and benefits of allocating more utility to the agent today versus tomorrow. The agent, in contrast,
is thinking about how to allocate consumption over time, and perceives a precautionary motive to

save.

Recursive Problem: Profit Maximization. This two period example was fine, except that even with

only two periods we ended up with many first-order conditions. Imagine trying to compute the optimal



consumption and labor allocations for any possible history with multiple periods and multiple values for

0. The problem will explode unless we can formulate it recursively.

So let’s write this problem in a recursive fashion, using the techniques of Fernandes and Phelan
(2000). To start, let’s stick with the assumption that there are only two periods. We solve the planner
problem after invoking the standard argument that the incentive constraints for the second period high
types has to bind.

In the initial period, the planner chooses allocation (cm,ym,cr,yr), promised utilities (Vi, V1),
and threat utilities (VH,VL) Threat utility Vi is the promised utility to innate type L that reports
H. Threat utility Vi, is the promised utility to innate type H that reports L. We need this object
because we need to make sure that misreporting does not pay off in terms of lifetime utility. And just
as the planner can manipulate promised future values to make truthtelling more attractive, so can she

manipulate promised future values conditional on lying today in order to make lying less attractive.

The insurer thus solves:
1 . .
max 7y (yg —cm) + 7L (yr —cr) + = [WHH (VH, Vi, 9H) + Il (VL, VL, 9L> ] ,

where II is the value function for the final period which we discuss below, subject to the ex-ante welfare

constraint:

U (ch,yn/0n) + 7LU(cL,yr/0L) + BlnuaVa + 7LVL] >V,

where V is the endowment of ex-ante welfare. Furthermore, maximization of profits is initially constrained

by the two incentive compatibility constraints for the initial period:

0 < Ulen,yn/0n) — Ulcr,yr/0u) + B[Va — V]

0 < Uler,yr/0r) — Ulen,yu/01) + B[VL — Vi .

Comparing these expressions to the initial period incentive constraints gives an interpretation for the
promised utilities and threat utilities. The promised utility Vg is the expected utility delivered in the
final period when the individual reports truthfully today. When the high productivity type reports L
instead, the expected utility is Vi. The planner chooses the threat value to prevent misreporting in the
initial period.

The constraints are respectively given multipliers ¢, pg, pi,. As a result, the optimality conditions



to the initial period allocation (cg,ygm, cr,yr) are given by:

| — u(cn) <¢>+ 7 ﬂ)

TH TH
1=u/(cr) <¢> —LE 4 ﬂ)
TL TL

-

1
ya \7 1 pa\ P (ya )71
1=(Z2) — Luad I Y d VR 2 O
<9H> O <¢+7TH> TH <9L> 2
1 1
yr\7 1 Hr pa (yo\" 1
1= (2% _ ~Ly _ PH [ L _—
<9L> or <¢+7TL> L <9H> On’
(which are exactly the same conditions we had for the previous formulation) while the optimality condi-

tions with respect to future values (Vir, Vi, Vi, Vi) are:
TH
BR <¢ + M_L> = _Hl (VLa VL, 0L>
TL

BREL — 11, (VL, VLﬁL)

TL

/BR;:—Z =1y (VH7VH79H)

For the final period, we solve two separate component problems given the state variables promised
utility, threat utility, and the past realization of labor productivity type. When the initial productivity

level is O, the final period planner problem chooses (cgr, YuH, CHL, YrL) to solve:
II (VH, Vi, 9H) =max 7y (Yygy —cun) +7uL (YHL — CcHL)

subject to promise keeping, threat keeping, and the incentive compatibility condition:

muaU(cam, yar/0n) + TuLU(chrn, yur/0r) > Vi
moaUlcnm, yun/0n) + mooU(cnr, yur/0L) < Vi

Ulcam,yun/0n) > Ulcur, yur/0m)

The multipliers on the constraints are given by ¢z, ¢ and gy = BRugy. Evaluating the promise
keeping and threat keeping condition, we observe the key complication faced when assuming persistent
shocks: privately observed histories of productivity shocks influence the way in which agents evaluate
continuation contracts. The evaluation of contracts designed for the final period (cgm,ymH, cHL, YHL)
depends on the individual’s type in the initial period. When the shocks are instead time independent,

the evaluation of future contracts is identical, and the threat keeping constraint is redundant.



The final period insurer problem is constrained in two ways. The promise keeping condition restricts
the planner to deliver an allocation delivering utility Vi to agents reporting truthfully. At the same time,
the threat keeping conditions ensures that no gains are made by an individual misreported in the initial

period, which is ensured by delivering V.

The optimality conditions with respect to (cgrgr, yrm, ¢, yrr) are given by:

- 3
1 =1(cum) <¢H + L+ —MHH>
THH THH

1 ~
yag \ 7 1 TLH m
1= <—> v <¢>H+—¢>LH+ﬂ>
THH

O O

- N
1=u'(cur) <¢H g - —MHH>
THL

1
YHL TLL yar \" 1 gy
1= (L))" (g, + ZEE - (&L LHn
( 0r ) 0r <¢H THI ¢LH> < O ) O THL

Combining the first-order conditions for type H H, we note that the optimality conditions imply that the

SA
—_

marginal decisions for the high type are undistorted (so the zero tax at the top result survives in the last

period). In addition, this problem gives rise to the following envelope conditions:

1y (VH,VH,GH) = —¢n

Iz (VH7 VH,QH) = —¢rH

Similarly, we solve the social planner problem given previously realized productivity level is 6.

The final period insurer chooses (crm, yrLH, cLr, yrL) to solve:

I (VL7 Vi, 9L) =max mry (Yyre —crw)+ 7oL (Yyor —crLr)

subject to promise keeping, threat keeping, and the incentive compatibility condition:

moaU(cow,yrua/0r) + moU(con, yon/0n) > Vi,
rarU(cm, yoa/0m) + naLU(crr, yrn/0n) < Vi

Ulcrw,yrua/0u) > Ulerrn,yrr/0m)

The multipliers on the constraints are respectively given by ¢, ¢y, and fiyr g = BRur -



The optimality conditions with respect to (cLm,yrH,cLr,yrr) are given by:

THH i
1=u'(crr) <¢>L +——d¢pr + —LH>
TLH TLH

- _
1 =u(cr) <¢L + ﬂ¢>HL - ML_H)
TLL

TLL
(v
1<9L>

3=
3=

11 THL yr \7 1 fpg
o) (1) 32
0r, ( L% THE On Ou TrL
Note that the optimality conditions imply that the marginal decisions for the high type are undistorted.

In addition, this problem gives rise to the following envelope conditions:

15} (VL,VL,GL) =—¢r
11D} (VL, VL,GL) = —0ur

We fully characterized the solution to the recursive profit maximization problem. Next, we establish that
the solution to the recursive profit maximization problem aligns with the sequential profit maximization

problem.

Proposition 1. Equivalence Sequential and Recursive Profit Maximization Problem.

(CH,YH,CL, YL, CHH» YHH s CHL, YHL> CLH+ YLH» CLLs YLL> s [ oL fpr o Mo ) Solves the sequential cost min-

imization problem given V if and only if the recursive cost minimization problem given V is solved by

(CH’yHa CL,YL,CHH,YHH,CHLYHL,CLH,YLH, CLL, YLL>"; L1, b1 s MHH> /’LLH)

Proof. For the initial period, we directly observe that the optimality conditions are identical. For the final
period, an identical observation is made after using the optimality conditions and envelope conditions
with respect to promised utilities and threat utilities. Specifically, we rewrite the optimality conditions

with respect to future utilities (Vi, Vi, Vi, Vo) as:
1
BR <77 + —H> = ¢y
TH

BR (77"'&) = ¢r
L

53';:—]; =~
/BR;:—; = —0LH

Substituting these expressions into the optimality conditions on the previou page shows the optimality

conditions are indeed identical to those from the sequence problem. |



4. We wrote the planner problem as a cost minimization problem subject to a participation constraint

for a risk-neutral insurer.

Question: Is this the dual problem of the welfare maximization problem subject to a resource

constraint?

5. Formulate the welfare maximization problem in recursive form.

Question: Prove equivalence between the sequential welfare maximization problem and the recursive

welfare maximization problem.



3 A Formulation with Multiple Values for the Shock and Multiple

Periods

The invididual states are: (i) last period productivity 6_1, (ii) expected promised value from today
onwards V, and (iii) a threat value V which applies to someone one type more productive than 6_;
yesterday — call this type 61,. (We could imagine a threat value for any possible false report in the
previous period, but we will assume that the only misreport we need to worry about is from a type

pretending to one type less productive than they truly are)
If this type misreported yesterday they will be pooled with the 6_; type today.
Call the individual state vector s = (0,1, V, V)

Prior to the realization of @, for each point in the individual state space s, the planner chooses

c(0,s),y(0,s), V(0,s), V(0,s) in order to solve

e = S L eO0) [u(0,5) — l65) + IOV (0,9.76.5)| |

0(973)7y(975)7v(0»s)7v(6»3) 9
subject to promise-keeping and threat-keeping

> w(016-1) {u(c(b, 5),4(0,)/0) + BV (8,9)} = V

0

> m(616%,) {u(c(8, ), y(0,5)/0) + BV (6.5)} < V

0

and to local downward incentive constraints
wl(e(0, ), y(0,5)/0) + BV (8,5) > u(c(9=,5),y(07,5)/0) + BV(07,s)  0=2,..,N

where 0~ is one type less productive than 6.
This problem can be solved, one value for s at a time.

Suppose individuals live for A periods. We would start at age A, and solve for allocations at age

A. Then we can move back one age.



